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Abstract 

The  pressure  distributions  at  all  points  through- 
out the  full  solid  angle  have  been  determined  experimentally 
in  a liquid  under  torsional  shearing  movements. 

The  method,  which  was  checked  for  freedom  of 
disturbances,  did  not  involve  the  use  of  special  assumptions, 
so  was  particularly  suited  to  give  a decision  between  the 
various  controversial  theories  of  pressure  distribution  in 
Visco-elastic  liquids. 

It  was  found  that  one  theory  (Weissenberg)  pre- 
dicted pressure  distribution  in  agreement  with  experimental 
results  whilst  the  predictions  of  other  theories  showed 
deviations  outside  the  limit  of  experimental  errors. 
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1.  Introduction  and  Summary 


There  have  been  many  discrepancies  in  the  literature  about  the  preaBure 
distributions  of  liquids  in  laminar  shearing  motions.  These  discrepancies 
arose  from  the  high  sensitivity  of  such  distributions  to  seme  disturbances, 
and  fran  the  insufficiency  of  experimental  data  in  view  of  the  great  nunber 
and  extreme  complexity  of  the  factors  which  control  the  pressure  in  the  flowing 
liquid  at  any  one  point  and  across  any  one  plane. 

In  the  present  investigation  it  ms  not  intended  to  cover  all  types 
of  laminar  flow  or  all  possible  experimental  conditions.  Instead,  an  attempt 
was  made  to  bring  sharply  into  focus  sane  of  the  controversial  points  and  settle 
these  as  decisively  as  possible.  For  this  purpose  it  was  necessary  to  restrict 
the  field  of  investigation  and  establish  an  experimental  technique  which  wa3, 
within  the  limits  of  the  required  accuracy,  free  from  disturbances  and  experi- 
mentally complete  in  the  sense  that  the  measurements  of  pressure*  taken  in  the 
liquid  were  sufficient  to  determine  the  pressure  distribution  at  all  points 
and  across  planes  of  all  the  various  orientations  round  the  full  solid  angle 
by  applying  only  first  principles,  that  is,  the  principles  of  continuity, 
equilibrium  of  forces  and  symmetry  without  introducing  additional  assumptions. 

Por  an  appropriate  choice  of  restrictions  of  the  field  it  had  to  be 
considered  that  laminar  shearing  motions  were  available  ir.  different  types, 
such  as  could  be  produced  in  a liquid  by  a straight  axial  movement  of  one 
cylinder  in  another,  or  by  pressing  through  capillaries,  or  by  torsion,  or  by 
any  other  means.  Bach  such  type  of  motion  was  characterised  throughout  the 
macroscopic  dimensions  of  the  container  of  the  liquid,  by  a certain  flow 
pattern  which  ms  generally  het  erogeneous  and  curvelinear,  and  traced  out  in 
the  liquid  by  the  surfaces  of  laminar  Bhear  gliding  over  one  another  along  the 
lines  of  flow  at  a certain  rate  of  shear.  The  pressure  distribution  varied 
from  one  type  of  motion  to  another,  and  the  most  striking  effects  and  most 
strongly  contested  points  showed  clearly  when  conditions  were  restricted  to 
motions  of  torsional  type  with  the  rate  of  shear  maintained  constant  in  space 
and  time,  and  the  forces  of  inertia  kept  negligibly  small. 

The  above  restrictions  were  therefore  chosen  for  the  present 
investigation  and  this  choice  did  not  impair  seriously  the  generality  of  the 
investigation  as  it  ms  still  possible  to  atucfcr  the  dependency  of  the  pressure 
distribution  on  the  rate  of  shear  and  other  factors,  such  as  the  curvature  of 
the  flow  pattern,  the  boundary  conditions,  the  properties  of  the  liquid,  etc. 
Moreover,  all  the  types  of  laminar  shearing  motions  were  clearly  interconnected, 
as  it  was  found  locally,  that  is,  at  every  point  in  a sufficiently  small  region 
round  the  full  solid  angle,  that  all  the  different  types  approximated  to  the 
same  homogeneous  and  rectilinear  flow  pattern  as  the  surfaces  of  laminar  shear 
approached  tangentially  to  a series  of  parallel  and  equidistant  flat  planes, 
and  the  lines  of  flow  a similar  series  of  straight  lines  in  these  planes. 


The  tem  'pressure'  is  used  throughout  as  an  abbreviation  for  'pressure 
density'  at  a point  per  unit  area  across  a definite  plane. 

Stress  at  a point  is  used  as  expression  for  distribution  of  the  pressure 
around  that  point  across  the  planes. 
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The  establishment  of  the  experimental  technique  was  based  on  the  use 
of  the  feissenberg  Rheogoniometer1  as  an  apparatus  for  the  production  of  laminar 
shearing  motions  of  the  desired  torsional  type  and  for  the  measurement  of  the 
associated  pressure  distribution  with  the  usual  equipment  of  pressure  measuring 
devices,  such  as  spring  gauges,  capillary  tubes,  etc.  A stationary  value  for 
the  rate  of  shear  was  ensured  by  containing  the  liquid  in  a narrow  gap  between 
two  platens,  the  upper  one  fixed  and  the  lower  one  rotated  at  a constant  angular 
velocity.  To  obtain  constancy  of  the  rate  of  shear  in  space,  gaps  of  conical 
shape  similar  to  those  introduced  by  Mooney,  were  used  either  in  the  fom  of 
flat  plate  v.  cone  or  cone/cone  (see  Pig.  4).  In  the  flat  plate  v.  cone  the 
rate  of  shear  ranained  constant  throughout  the  gap  up  to  ^ 0 (with  2$L  accuracy). 
In  the  cane/cone  the  constancy  was  achieved  only  within  of  the  surface,  and 
here  the  distribution  of  pressure  was  determined  only  for  points  near  the  sur- 
face of  the  platen.  The  forces  of  inertia  were  minimised  by  making  the  width 
of  the  gap  sufficiently  small.  It  was  easy  to  trace  in  these  gapB  the  flow 
pattern  of  the  torsional  shearing  motion  as  one  found  round  the  axiB  of  the 
torque  lines  of  flow  extending  along  a series  of  concentric  circles,  and  the 
surfaces  of  laminar  shear  along  a series  of  coaxial  circular  cones  with  a common 
apex  on  the  axis.  Relative  to  this  flow  pattern  the  apparatus  was  required  to 
determine  the  distribution  of  pressure  over  the  various  points  in  the  gap,  and 
at  each  point  across  the  planes  of  various  orientatior  j,  using  the  lines  and 
surfaces  of  the  pattern  to  specify  convenient  systems  of  reference  for  a 
quantitive  description. 

While  the  measurements  were  carried  out,  the  greatest  care  was  taken 

that  all  experimental  conditions  inside  the  liquid  and  at  the  boundaries  were 

so  adjusted  as  to  cause  no  disturbances  to  the  desired  motion  or  to  the  reading 
of  the  gauges  (within  the  limits  of  the  required  accuracy).  This  was  checked 
and  counterchecked  by  many  experiments  so  as  to  make  sure  of  the  freedom  from 
disturbances.  Great  advantages  were  derived  from  the  restriction  to  the 
laminar  shearing  motions  of  the  torsional  type  already  described,  Bince 
particularly  good  use  could  be  made  of  the  high  symmetry  and  curvel inear  form 
of  the  flow  pattern  for  the  complete  determination  of  the  pressure  distribution 
and  for  the  avoiding  of  disturbances,  as  such  a pattern  could  be  fitted 
smoothly  and  without  distortions  into  the  boundary  conditions  of  the  confined 

space  of  the  gap  which  contained  the  liquid  in  the  Rheogoniometer.  In  spite  of 

these  advantages  a difficult  problem  presented  itself  when  attempts  were  made  to 
determine  the  pressure  distribution  which  was  undisturbed  and  at  the  same  time 
experimentally  complete,  as  the  very  precautions  against  disturbances  made 
many  of  the  essential  points  and  planes  inaccessible  to  the  customary  pressure 
gauge.  A solution  to  the  problem  was  given  through  the  introduction  of  new 
devices  for  generating  and  measuring  pressures  across  the  side  boundaries  of 
the  gap  by  Newtonian  liquids  which  had  been  so  standardized  that  the  pressures 
transmitted  to  them  at  a given  point  and  across  a given  plane  could  be  read  off 
at  another  point  and  across  another  plane  conveniently  situated  for  accesB. 

These  standardized  Newtonian  liquids  were  in  contact  with  the  liquids  under 
test  all  along  the  side  boundaries  and  subjected  there  to  the  same  rate  of 
shear.  The  new  devices  measured,  without  disturbances,  the  pressures  at  points 
and  across  planes  previously  inaccessible,  and  thus  provided  new  experimental 
data  which,  together  with  these  already  available  were  sufficient  to  determine 
the  pressure  distribution  completely  from  the  experimental  data  and  first 
principles  only.* 

The  new  technique  was  applied  to  a variety  of  liquids  including 
Newtonian  ernes  such  as  water,  mercury,  oils  and  Hobson's  'K'  stem  liquid,  and 
Non-Newtonian  ones,  such  as  Rubber  in  Xylene,  Al.  Laurate  in  paraffin  and 


In  an  earlier  investigation  K.  Weisaenberg  gave  a theoretical  solution  to 
the  problem  by  calculating  the  pressure  distribution  completely  from  the 
experimental  data  then  available  using  first  principles  and  a supplementary 
assumption  according  to  which,  for  a constant  rate  of  shear,  the  pressure 
round  the  full  solid  angle  varied  from  one  point  to  another  only  fcy  an 
additional  isotropic  pressure.  This  solution  has  been  found  correct  by  the 
present  investigation  so  that  in  future  it  may  be  used  as  an  alternative. 
However,  the  solution  was  not  experimentally  complete  as  it  had  to  rely  on  an 
assumption  which  at  the  time  was  not  proved. 
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special  Bagosine  oils.  The  liquids  were  so  chosen  that  they  were  easy  to 
experiment  with,  being  stable  under  large  changes  of  rates  of  shear. 

In  addition,  some  experiments  were  made  with  Non-Newtonian  liquids 
which  exhibited  instability  during  the  laminar  shearing  motions,  showing  at 
stationary  rates  of  shear  a break  do  an  of  pressure  or  a rupture  and  a tearing 
off  of  the  liquid  from  the  shearing  surfaces.  for  such  unstable  liquids  it 
has  not  yet  bean  possible  to  obtain  reliable  information  about  their  pressure 
distributions,  and  the  present  report  was  therefore  confined  to  the  stable 
liquids  enumerated  above. 

The  flowing  liquid  exercised,  at  any  one  point  and  across  any  one 
plane,  a pressure  whose  components  normal  and  tangential  to  the  plane  were 
individually  determined  in  each  experiment.  The  directions  of  the  various 
planes  were  orientated  at  each  point  relative  to  the  flow  pattern  by  means  of 
a Cartesian  system  of  trireotangular  coordinates  (x^  Xo  x,).  This  system 
was  fixed  with  its  centre  in  the  point  considered,  ana  extended  its  three 
coordinate  planes  such  that  No.  1 was  perpendicular  to  the  lines  of  flow, 
while  Nos.  2 and  3 were  parallel  to  these  lines,  and  respectively  parallel  and 
perpendicular  to  the  shearing  surface.  Proceeding  from  one  point  to  another, 
the  position  of  the  various  points  in  the  pattern  was  located  by  means  of  a 
system  of  spherical  polar  coordinates  (n>  /3,  *)  with  +he  pole  fixed  in  the 
apex  of  the  conical  gap  and  the  pole  axis  in  the  axis  of  the  torque.  Tig.  3 
illustrates  the  two  systems  of  coordinates  in  the  flow  pattern,  and  shows  that 
at  every  point  No.  1 and  f are  in  the  line  of  flow.  No.  2 and  S in  the  normal 
to  the  shearing  surface,  and  No.  3 end  p in  a direction  normal  to  the  other 
two.  The  investigation  covered  divers  ranges  of  experlmaatal  conditions  as  it 
was  recognised  that  the  pressure  at  any  point  in  the  liquid,  and  across  any 
plane  there,  depended  oni 

ia)  the  position  of  the  point  in  the  gap 

b)  the  orientation  of  the  plane  in  the  flow  pattern 
cl  the  rate  of  shear  present 

dl  the  pressure  exerted  on  the  side  boundary  of  the  gap 
el  the  gravity  head  at  the  point 
f j the  forces  of  inertia*  at  the  point 
g)  the  properties  of  the  liquid 

and  each  of  these  factors  had  to  be  varied  over  an  appropriately  wide  range  in 
order  to  assess  correctly  its  contribution  to  the  pressure  measurement  taken. 

The  experiments  which  were  carried  out  over  a period  of  2 years,  covered  the 
ground  but  for  econony  of  space  only  an  extract  of  them  is  included  in  this 
paper. 


JL  quantitative  account  of  the  experimental  results  obtained  iB  given 
in  Tables  1-21  and  illustrated  by  Figs  6-13.  From  these  results  a clear 
picture  emerged  for  the  pressure  distributions  in  the  various  liquids,  so  much 
so  that  it  was  possible  to  settle  decisively  the  empirical  facts  about  the  most 
controversial  items  i.  e.  about  the  dist rib ut ions  which  the  normal  casponenta  of 
pressure  exhibit  over  the  various  points  in  the  gap,  and  at  each  point  across 
the  planes  of  various  orientations  round  the  full  solid  angle  of  directions. 

Summary: 

(1)  The  normal  pressure  at  any  one  point  and  across  any  one  plane  was 
found  to  be  dependent  on  the  experimental  conditions  according  to  all  the  seven 
factors  (a)  to  (g)  enumerated  above. 

(2)  In  a given  set  of  experimental  conditions,  it  was  found  that  in  a 
conical  gap  the  normal  pressures  across  all  planes  of  various  orientations  in 
the  flow  pattern  increased  from  the  rim  ( p = S)  to  the  centre  proportional  to 

*These  forces  were  kept  negligibly  small  throughout  the  experiments  recorded 
here,  but  their  importance  had  to  be  appreciated  in  order  to  avoid  disturbances. 

Scone  investigators  had  made  experiments  in  which  the  inertia  forces  were  not 
negligibly  small. 
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the  log  p/S.  the  proportionality  factor  being  the  same  for  all  the  different 
planes,  and  varying  from  zero  to  any  value  dependent  on  the  conditions  of  the 
experiments,  and  in  particular  on  the  flow  properties  of  the  liquid  and  the 
rate  of  shear.  Photographs  recorded  typioal  results  obtained  for  the  normal 
pressures  across  the  No.  2 plane  in  the  flow  pattern  (shearing  plane).  The 
pressure  gauges  shoved  clearly  the  logarithmic  increase  from  the  rim  to  the 
centre. 

(3)  Por  a decision  of  the  controversial  items  in  the  pressure  distri- 
bution, graphs  were  made  in  which  for  each  experiment  the  differences  of  the 
normal  pressures  across  the  three  coordinate  planes  were  plotted  against  the 
common  logarithmic  increase  in  pressure  from  the  rim  to  the  centre.  The 
theories  of  the  various  authors  with  regard  to  the  results  of  such  plots  made 
significantly  different  predictions,  and  these  could  be  tested  by  comparison 
with  the  experimental  data  of  the  present  investigation  as  shown  in  Tig.  6. 

(4)  The  figure  shoved  clearly  the  incompatibility  of  the  theories  of 
Garnar/Niasan  and  of  Reiner/Rivlin  with  the  experimental  data,  while  giving 
strong  support  to  the  theory  of  Veissenberg  which  accounted  for  all  the  data 
within  the  limits  of  accuracy.  There  was  no  indication  that  the  agreement 
between  this  theory  and  the  experiments  could  be  improved  by  the  introduction 
of  a correction  term,  such  as  suggested  by  Mooney.  In  particular,  all  the 
experiments  showed  at  every  point  in  the  liquid  zero  values  for  the  difference 
P02  “ P33  between  the  normal,  pressures  across  the  No.  2 and  No.  3 planes, 
while  the  normal  pressure  Pjj  across  the  No.  1 plane  had  the  signature  of  a 
pull  compared  with  P22  and  P33.  The  vanishing  of  the  pressure  difference 
P22  ~ ^33  the  free  boundary  of  the  liquid  where  both  pressures  became 
equal  to  atmospheric  pressure  allowing  for  surface  tension  effects,  can  be 
seen  directly  in  Pig.  ic. 

The  pressures  across  the  Nos.  2 and  3 planes  were  always  (at  any 
point)  found  to  be  equal  or  greater  than  that  across  the  No.  1 plane.* 

2.  Apparatus 

The  Rheogonicmeter^1  had  as  a framework  a precision  lathe  which  was 
mounted  vertically  on  a heavy  base  plate  **  and  was  driven  by  a DC  motor  by 
means  of  a system  of  pulleys,  (Pig.  la). 

The  liquid  under  test  was  subjected  to  torsional  shears  in  a gap 
between  two  boundary  platens  of  which  the  top  one  was  held  statically  in  a 
suitably  modified  tailstock  or  compound  slide  rest,  whilst  the  bottom 
platen  was  rotated  in  the  headstock.  The  rotation  was  derived  from  a i H.P. 
DC  motor  and  it  was  possible  to  vary  the  speed  of  rotation  from  1/10  r.p.m.  to 
1,500  r.p.m.  by  an  adjustment  of  armature  voltage  and  a change  of  belts  on  the 
pulleyB.  The  speed  obtained  in  any  one  experiment  was  measured  with  an 
accuracy  of  about  l^J  by  a DC  permanent  magnet  generator  coupled  to  a substan- 
dard multi  range  voltmeter.  Provisions  were  made  for  keeping  the  rate  of 
shear  constant  in  time  and  apace  in  the  liquid***  by  maintaining  a stationary 
angular  velocity  on  the  rotating  platen  and  by  making  the  gap  between  rotating 
and  static  platens  of  a conical  shape  with  circular  symmetry  round  the  axis  of 
torque.  Parlous  types  of  boundary  platens  were  designed  accordingly  and  the 
ones  used  which  were  used  hef£**formed  pairs  (see  Pig.  4). 


’Pressure  was  counted  as  positive  when  it  aoted  on  the  liquid  as  a push  and 
negative  when  it  acted  as  a pull. 

** 

The  base  allowed  an  inversion  upside  down  so  that  a drive  could  be  applied  to 
either  the  top  or  bottom  platen.  In  the  experiments  under  discussion  the 
drive  was  alwayB  applied  to  the  bottom  platen. 

*!Mrticularly  near  the  measuring  plate. 

Experiments  are  under  way  on  other  pairs  of  platens,  such  as  a pair  of 
concentric  cylinders  (as  in  a Couette  type  of  apparatus)  and  a pair  of  flat  plates. 
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(a)  cone-plate  with  gap  angles  of  1°,  l£°,  2 andQ4  0 

(b)  cone-cone  with  cone  angles  of  44°  and  46°,  46°  andQ45  0 0 

(o)  cone-truncated  cone  with  oone  angles  of  44°  and  46  , 46  and  45 

The  platens  had  a diameter  of  4£"  and  were  made  of  aluminium  or  stain- 
less steel,  but  it  was  often  advisable  to  allow  observation  of  the  liquid  during 
testing  so  transparent  materials  were  also  used,  in  particular  Perspex  and  glass 
(when  Perspex  was  used  a careful  check  had  to  be  maintained  on  gap  size  and 
accuracy  as  this  material  distorts  easily  and  is  subject  to  large  dimensional 
changes  with  temperature).  To  adjust  the  setting  of  the  platens,  miorometer 
screws  were  used  which  displaced  the  top  platen  against  the  bottom  one  in  three 
mutually  perpendicular  directions.  The  dimensions  of  the  gap  were  checked  by 
slip  gauges  and  microscopic  measurements  to  an  accuracy  of  .00005". 

The  liquid  in  the  gap  transmitted  its  pressure  to  the  boundary 
platens, the  components  normal  to  the  surface  producing  an  axial  thrust  and  the 
shear  components  producing  a torque  on  the  platens.  The  bottom  platen  was 
capable  of  being  fitted  with  a detachable  rim  t*"  high  to  allow  the  building 
up  of  a gravity  head  and  the  application  of  a corresponding  hydrostatic 
pressure  to  the  liquid  in  the  gap.  Several  top  platens  carried  devioes  for 
pressure  measurement  in  most  experiments  end  a row  of  capillary  gauges  was  used 
to  indicate  the  normal  pressure  components  at  various  points  on  the  top  platen 
whilst  the  platen  as  a whole  was  pivoted  so  that  the  torque  could  be  measured 
by  spring  adjustment  as  the  position  was  electrically  measured.  In  some 
experiments  additional  measurements  were  made  of  the  axial  thrust  and  the 
torque  cn  the  top  platen,  as  a whole,  by  means  of  capacity  gauges  and  of  an 
appropriately  designed  elastic  suspension**  of  the  platen  (see  Pig.  5)  or  by 
means  of  a bearing  suspension  on  air. 

It  was  an  essential  part  of  the  present  investigation  (see  Introduction) 
that  all  disturbances  be  minimised.  The  set-up  of  the  Bheogonianeter,  as 
described  above,  was  intended  to  measure  the  pressure  distribution  in  the 
desired  laminar  shearing  motion  i.e.  in  an  ideal  motion  defined  by  an  exactly 
linear  interpolation  between  the  motions  of  the  two  boundary  platenB  bo  that  each 
partiole  of  the  liquid  would  move  in  a circle  round  the  axis  of  the  torque  with 
an  angular  velocity  proportional  to  its  distance  from  the  static  platen. 

The  motions  actually  produced  in  the  gap  and  the  readings  of  pressure 
taken  there  with  the  various  gauges  may  have  deviated  from  the  ideal  ones,  and 
the  design  of  the  experimental  conditions  had  to  be  so  calculated  as  to  ensure 
that  all  such  deviations  were  eliminated  or,  at  leaBt,  kept  within  the  limits 
of  the  accuracy  required.  The  exact  calculation  (see  Appendix  IV)  showed  that 
in  a cone/flat  plate  the  rate  of  shear  remained  constant  throughout  the  gap  up 
to  4°  with  an  accuracy  of  2jS  while  in  a cone/cone  the  constancy  was  achieved  only 
within  -j®  of  the  surface  and  with  this  apparatus  the  distribution  of  pressure  was 
determined  only  for  pointB  near  the  surface  of  the  first  platen  . Accordingly 
the  following  precuaticns  were  taken: - 

Por  the  apparatus  particular  attention  was  paid  to  the  rigidity  of  the 
framework,  the  alignment  between  the  axis  of  rotation  and  the  lathe  bed,  the 
machining  of  the  platen,  the  size  and  rotational  symmetry  of  the  gap,  etc.  Improve 
ments  were  made  until  a check  with  slip  gauges  and  microscopic  measurements  gave  an 
overall  accuracy  of  about  l£  This  accuracy  was  required  to  eliminate  the  Mitchel 
bearing  effect.  When  both  platens  were  cones,  the  same  high  degree  of  accuracy  wa 
required  in  respect  to  a parallel  sideways  displacement,  but  conparatively  little 
ill  effect  was  experienced  when  one  platen  ms  flat  and  this  sideways  displacement 
kept  below  .002*.  Parallelism  and  correct  distance  apart  of  the  platens  were 

The  design  of  the  suspension  was  originally  due  to  Hr.  Biohmond  of 
Messrs,  Hilger  and  fetts  Ltd.  and  acknowLedgnent  is  gratefully  made  of  this 
contribution.  A modification  ms  made,  however,  to  hold  the  platen  rigidly 
against  up  and  dovsx  movements  while  the  torque  was  measured  and  to  hold  it  rigidly 
against  rotation  whilst  the  axial  thrust  ms  measured  (without  such  a precaution 
an  internodulation  occurs  in  the  elastic  suspension  and  this  falsifies  the  results 
particularly  when  the  torque  is  of  considerable  strength  whilst  the  axial  thrust 
is  compaiatively  weak). 
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checked  in  all  oases  by  hoop  gauges  at  the  rim  with  an  accuracy  of  about  .0001". 

Cross  checks  were  made  microscopically,  and  by  observation  of  the  symmetry  of  the 
pressure  distribution  as  recorded  by  the  capillary  gauge b. 

For  the  production  of  the  movement,  a special  design  for  the  gap  had  to  be 
developed  so  as  to  guard  there  the  ideal  motion  of  the  liquid  against  a variety  of 
dangers.  There  were  the  mass  forces  of  gravity  and  inertia  whioh  tended  to  force 
the  liquid  particles  out  of  the  ideal  circular  lines  of  flow  (the  gravity  vertically 
downwards  and  the  inertia  radially  outwards)  and  which  in  extreme  cases  even  changed 
the  flow  pattern  from  a laminar  to  a trubulent  one,  if  the  ratio  between  the  mass 
forces  and  the  shear  forces  was  allowed  to  exceed  a certain  critical  value  corres- 
ponding to  the  Reynolds  number.  It  was  possible  to  estimate  the  strength  of  the 
various  forces  involved  and  deduce  theoretically  that  the  deviations  from  the  ideal 
motion  would  become  negligibly  small  by  choosing  the  orientation  of  the  gap  with 
regard  to  the  gravitation  field  so  that  the  lines  of  flow  were  horizontal,  and  by 
making  the  width  of  the  gap  sufficiently  narrow  so  that  a comparatively  slow  speed  of 
rotation  of  the  lower  platen  sufficed  to  produce  the  highest  rates  of  shear  required. 
The  efficacy  of  the  set-15)  was  checked  and  confirmed  experimentally  by  a careful 
observation  of  the  movement  of  small  air  bubbles  and  of  small  particles  of  aluminium 
dust.  No  disturbance  could  be  deteoted  in  the  gaps  with  apex  down  while  in  the  gaps 
with  apex  up  there  was  a narrow  region  near  the  rim  of  the  rotating  platen  where  it 
was  just  possible  to  detect  small  movements*  radially  outwards,  but  these  movements 
remained  negligibly  small  and  well  within  the  limits  of  accuraoy  required.  There 
was  another  danger  to  be  considered  with  regard  to  the  boundary  conditions  where  the 
ideal  flow  pattern  might  be  interfered  with  by  the  action  of  the  various  devices 
which  were  located  there  to  measure  the  pressure,  and  to  contain  it  within  the 
allotted  space  of  the  gap.  Such  interference  was  eliminated  for  every  surface  of 
the  liquid  by  either  leaving  it  entirely  free  to  atmosphere  or  bounding  it  by 
devices  designed  for  a tailor-made  fit  in  space  and  time  to  the  ideal  motion. 

Such  a fit  was  already  provided  for  the  boundaries  at  the  top  and  bottom  of  the  gap. 
There,  the  ideal  motion  required  boundary  surfaces  of  laminar  Bhear  which  moved  the 
whole  rigid  units  with  constant  angular  velocity,  and  the  boundary  platens,  being 
made  of  solid  material  provided  surfaces  which  fulfilled  these  requirements  exactly. 
At  the  side  boundaries  of  the  liquid,  however,  the  use  of  solid  materials  had  to  be 
excluded  because  their  rigidity  would  have  prevented  the  particles  in  the  side 
boundary  surface  to  move  there  relative  to  one  another,  while  such  a relative  move- 
ment was  required  by  the  ideal  motion.  When  the  liquid  had  a full  side  boundary  it 
was  found  that  the  centrifugal  forces  were  snail  enough  to  be  neglected  up  to  a 
rotation  speed  of  the  bottom  platen  of  100  r.p.m.,  as  up  to  that  speed  the  effect  on 
levels  of  the  line  in  the  capillary  gauges  was  below  1mm.  When  standard  liquids 
were  used  at  the  side  boundary  the  centrifugal  effects  were  more  marked  and  the 
speed  of  the  bottom  platen  had  to  be  limited  to  30  r.p.m.  if  the  effects  in  the 
capillary  gaugea  were  to  be  kept  below  1 mm. 

Experiments  have  been  made  above  the  30  r.p.m.  and  the  centrifugal 
forces  were  eliminated  by  ensuring  that  the  interface  was  in  the  gap  so  that  the 
capillary  gauges  from  the  liquid  under  teBt  could  be  read  off  against  those  of 
the  standard  liquid.  The  liquid  under  test  was  therefore  so  contained  in  the 
gap  that  at  the  side  boundary  it  was  either  left  entirely  free  to  atmosphere, 
or  bounded  by  a second  liquid  which  was  still  inside  the  gap  and  thus  under  the 
same  shearing  action  aB  the  liquid  under  test.  The  second  liquid  was 
conveniently  chosen  of  a standard  Newtonian  type,  because  this  allowed  itB  use 
not  only  as  a guard  for  the  side  boundaries  but  also  as  a means  to  subject 
these  boundaries  to  normal  pressures  of  measured  strength. 

For  the  recording  of  pressures  any  possible  disturbances  from  the 
presence  of  inertia  forces  in  the  liquid  were  reduced  still  further  by  taking 
all  measurements  at  the  static  platen  where  the  liquid  was  at  rest.  Experi- 
mental tests  with  Newtonian  liquids  (see  Tables  1-4)  confirmed  that  such  an 
arrangement  worked  satisfactorily.  Particular  care  was  taken  that  the 
location  of  the  pressure  gauges  did  not  disturb  the  motion.  Accordingly,  no 
part  of  the  gauges  was  allowed  to  protrude  into  the  liquid,  and  provisions  were 

The  rotation  platen  generated  in  the  neighbouring  liquid,  inertia  forces  whioh  in 
the  fbrm  of  centrifugal  forces  tended  to  drive  the  liquid  radially  outwards  and  this 
drive  was  here  reinforced  by  the  action  of  the  forces  of  gravity  which  had  a 
component  along  that  direction  in  conical  gaps  with  apex  up. 
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made  that  the  gauges  located  at  the  boundary  surfaces  of  the  liquid  conformed  to 
the  boundary  conditions  specified  in  the  preceding  paragraph.  Such  & careful 
location  of  the  gauges  was  necessary  as  otherwise  the  measurement  of  pressure 
would  have  been  taken  in  a disturbed  region  and  the  result  would  have  no  signi- 
ficance for  the  motion  under  investigation.*  Moreover,  the  gauges  used  for  the 
measurement  of  pressures  had  to  be  designed  such  that  the  displacements  occurring 
through  the  actions  of  measurement  were  kept  negligibly  small  compared  with  the 
gap  size.  This  was  achieved  by  using  either  mechanical  zero  methods,  as  in  the 
cases  of  capillary  gauges  and  air  bearings,  or  by  using  electrioal  gauges  of  high 
sensitivity,  such  a3  capacity  gauges,  which  recorded  all  pressures  by  minute  dis- 
placements up  to  .00001".  When  capillary  gauges  were  used  there  was  a danger 
of  false  readings  being  taken  because  of  their  slowness  of  response.  In  statio- 
nary motions  there  was  no  objection  in  principle  against  using  gauges  with  a 
slow  response  but  readings  had  to  be  taken  over  a great  length  of  time  to  make 
sure  that  stationary  values  had  been  reached  when  the  final  readings  were 
recorded.  This  was  done  in  all  the  experiments  recorded  hereafter  although  in 
some  of  them  it  was  necessary  to  wait  for  several  hours  when  liquids  of  high 
viscosity  were  used.  Effects  of  surface  tension  led  to  some  distortions  of  the 
surfaces  of  the  liquid  at  the  side  boundary  of  the  gap,  and  in  the  capillary 
tubes,  but  these  effects  were  tested  separately  an  eliminated  from  the  results 
recorded  in  the  Figures  and  Tables. 

3.  Materials 

The  materials  under  test  comprised  liquids  of  the  Newtonian  and 
Non-Newtonian  types  with  various  colloidal  and  chemical  constitutions.  In  order 
to  avoid  disturbances  in  the  experimental  conditions  all  tbe  liquids  had  to  be 
so  chosen  that  they  possessed  the  following  properties 

(a)  High  degree  of  homogeneity  so  that  different  portions  of  the 
liquid  had  similar  properties. 

(b)  Good  adhesion  to  the  boundary  platens  with  no  apparent  Bineresis. 

(c)  High  stability  under  stationary  rates  of  shear  so  that  during 
each  experiment  the  liquid  maintained  continuity  and  the  pressure 
distribution  remained  constant. 

(d)  Good  storage  stability  so  as  to  allow  repetition  of  experiments 
for  check  on  reproducibility. 

(e)  Low  vapour  pressure  at  room  temperature  so  as  to  avoid  changes  in 
concentration  during  an  experiment. 

(f)  Good  mobility  so  as  to: 

(i)  minimise  the  rises  of  taaperature  produced  in  the  liquid 
by  shearing  motion,  and 

(ii)  keep  the  recording  time  in  the  capillary  gauges  acceptable. 

(g)  Low  values  of  surface  tension  so  that  corrections  in  capillary 
tubes  would  be  small. 

The  liquids  chosen  as  representative  of  the  Newtonian  type  were:  water, 
mercury,  Hobson's  K stem  liquid,  light  mineral  oils  etc.  These  liquids  were 
tested  mainly  with  regard  to  their  normal  pressures  in  order  to  ensure  that  they 
could  be  used  as  standards  in  the  experimental  technique  developed. 

The  liquids  of  the  Non-Newtonian  type  included  a ccnmercial  lubricating 


« 

Seme  investigators  have  used  capillary,  tubes  which  protruded  into  the  gap  at 
various  angles  in  an  attmnpt  to  measure  pressure  components  in  various 
directions,  but  such  a set-up  invalidates  the  results  as  the  motion  of  the 
liquid  was  disturbed  at  the  point  where  the  measurement  was  taken. 
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oil,  knonn  under  the  trade  name  of  "Ragosine  Oil"  and  various  colloidal 
solutions,  prepared  by  Mr.  A.„  J.  Taylor,  of  various  percentages  of  Al. Laurate 
in  T.Y.O.  and  Smoked  Sheet  Rubber  in  T.V.O.  and  paraffin.  ill  these  liquids 
exhibited  normal  pressures  markedly  different  fran  those  of  the  standard 
Newtonian  type,  the  difference  being  of  sufficient  strength  to  allow  measure- 
ments to  an  accuracy  of  about 

The  above  named  solutions  have  been  thoroughly  investigated  throughout 
the  whole  range  of  conditions  as  shown  by  the  results  given  in  the  tableB.  In 
addition,  a partial  investigation  has  been  carried  out  on  a great  variety  of 
other  colloidal  solutions  (including  P.V.C.  Polyisobutylene,  11. Stearate  in 
Hydrocarbons,  Sodium  Alginate  in  water  and  water  emulsions  of  Rubber  Latex  and 
Polyvinyl  Acetate.  Quantitative  data  are  not  included  in  this  paper  but  it  waB 
found  that  the  pressure  distributions  obeyed  the  same  laws  as  those  of  the 
tabulated  liquids  throughout  the  investigated  range. 

Finally,  sane  experiments  were  made  on  liquids  of  Non-Newtonian  typeB 
which  did  not  possess  the  required  degree  of  stability  under  shear.  Some  of 
these  liquids  such  as  soap-water  solutions  (Lux,  Persil,  etc.)  remained  conti- 
nuous under  shear  but  decreased  in  viscosity  under  shear.  These  solutions 
appeared  to  obey  the  same  laws  as  the  tabulated  ones  but  the  slow  recording 
instruments  used  were  inadequate.  These  will  be  investigated  further  with 
quick  recording  instruments.  Other  liquids  such  as  Aluminium  Laurate  of  high 
concentration  became  discontinuous  showing  a macroscopic  tearing  off  and 
roiling  up  of  the  material  between  the  plates.  Por  the  time  being  it  had  to  be 
left  undecided  whether  or  not  the  same  laws  of  pressure  distribution  apply  to 
such  unstable  liquids. 

iu  Experimental  Technique 

Once  the  motion  of  the  liquid  was  established  and  all  the  precautions 
taken  as  indicated  above  in  order  to  avoid  disturbances  many  points  and  planes 
in  the  flowing  liquid  were  inaccessible  to  a direct  application  of  the  customary 
pressure  gauges.  It  was  with  these  limitations  of  access  that  a technique  had 
to  be  developed  which  yielded  for  the  distribution  of  pressure  over  the  flow 
pattern  a determination  which  was  within  the  required  degree  of  accuracy,  undis- 
turbed and  entirely  experimental,  i.e.  derived  only  from  experimental  data  and 
from  the  first  principles  of  continuity,  equilibrium  of  forces  and  symmetry.* 

The  principles  inter-related  the  pressures  which  the  flowing  liquid  exerted  at 
various  points  and  across  planes  of  various  orientations,  and  thus  reduced  the 
requirements  for  empirical  measurements  of  pressure  to  those  taken  at  accessible 
points  and  across  accessible  planes. 

In  a quantitative  formulation  of  the  experimental  technique  all  para- 
meters of  the  torsional  shearing  motion  had  to  be  determined  and  of  the  associated 
pressure  distribution  relative  to  the  flow  pattern,  whose  lines  and  surfaces 
provided  convenient  systems  of  reference  as  illustrated  in  Fig.  3.  For  the 
conical  gaps  here  considered  it  was  found  that  the  flow  pattern  extended  its 
lines  of  flow  along  concentric  circles  round  tne  axis  oi  the  torque,  and  its 
surfaces  of  laminar  shear  along  coaxial  circular  cones  with  a common  apex  on  tne 
axis,  -chus  tracing  a system  of  spherical  polar  coordinates  (,  Pt  8tf  ) with  the 
centre  iixea  in  tne  apex  oi  tne  gap  and  the  polar  axis  in  the  axis  oi  the  torque. 
(The  surfaces  oi  laminar  shear  were  the  cones  8 = const.,  ana  then’  intersections 
with  the  spheres  p = const.,  were  the  lines  of  flow  along  which  only  t varied;. 

At  every  point  it  was  found  that  the  coordinates  ( P,  8,*)  intersected  one 
another  at  right  angles  so  that  it  was  possible  to  introduce  locally,  at  each 
point,  a system  of  coordinates  (xj_  X2  x^)  which  approximated  tangentially  to  the 
local  flow  pattern,  and  which  were  so  numbered  that  x^  x£  Xj  corresponded 
respectively  to  f,  8 and  p . 

*It  was  very  important  that  the  considerations  of  symmetry  should  take  into 
account  not  only  the  motion  but  all  the  experimental  conditions  which  could 
influence  the  pressure  distribution  in  accordance  with  the  factors  (a)  to  (g) 
enime rated  in  the  Introduction.  (For  the  normal  components  of  pressure  all  the 
factors  (a)  to  (g)  were  relevant,  while  for  the  shearing  components  only  (b) 

(c)  and  (g)  had  to  be  considered). 
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The  relation  between  the  flow  pattern  and  the  various  systems  of 
reference  was  illustrated  in  Pig.  3 and  summarised  in  the  Table  below  where  No.  1 
was  written  for  x^_  and  sr  , No.  2 for  xg  and  0 and  No,  3 for  Xj  and  p . 


System  of  Reference: 

Parallel  Axis  and 
Perpendicular  Planes 

Perpendicular  Axis 
and  Parallel  Planes 

Lines  of  Plow 

No.  1 

No.  2 and  No.  3 

Surfaces  of 
Laminar  Shear 

No.  1 and  No.  3 

No.  2 

With  the  help  of  this  Table  it  was  possible  to  analyse  all  directional 
quantities  in  the  flow  pattern  relative  to  the  directions  of  the  lines  of  flow 
and  the  surfaces  of  laminar  shear  since  such  an  analysis  was  identical  with  the 
resolution  of  these  quantities  into  the  components  with  respect  to  the  axes 
and  planes  of  the  systems  of  reference. 

In  order  to  find  out  exactly  what  measurements  were  required  for  a com- 
plete determination  of  the  pressure  distribution  in  the  flow  pattern  the  general 
laws  were  applied  first  to* the  conditions  at  any  one  point  round  the  full  solid 
angle  of  directions,  and  then  to  the  changes  of  these  conditions  frcm  one  point 
to  another  throughout  the  whole  of  the  flow  pattern. 

At  any  one  point  relative  to  the  flow  pattern,  the  strength  and  direc- 
tion of  the  pressures  across  every  plane  through  the  point  had  to  be  determined, 
the  relation  to  the  flow  pattern  being  established  by  means  of  the  Cartesian 
system  of  coordinates  whose  axes  and  planes  were  fixed  along  and  at  right  angles 
to  the  lines  of  flow  and  surfaces  of  laminar  shear  as  indicated  in  Pig.  3» 

This  meant  that  for  a complete  determination  of  the  pressure  at  the  point  each 
plane  ( v ) 0f  arbitrary  orientation  in  the  flow  pattern  would  have  to  be  charac- 
terised by  its  direction  cosines  ( V j v 2 V 3 say)  and  across  this  plane  the 
strength  and  directions  of  the  pressure  in  terms  of  the  three  components 
(P(  v±v2  V3)k)  would  have  to  be  found  taken  along  the  coordinate  axes 
(for  k * i,  2,  3).  The  application  of  the  general  laws  then  revealed  that  it 
suffioed  to  measure  the  components  of  pressure  across  the  three  coordinate 
planes  of  the  flow  pattern  because  from  these  measurements  the  components  of 
pressure  across  planes  of  all  orientations  in  the  flow  pattern  could  be  calcu- 
lated, according  to  the  equilibrium  condition:- 

P(  vz  v^k  = plk  vi  * P2k  v2  * P3k  v3  (for  k = i,  2,  3)  (4a) 

where  the  coefficient  denoted  the  measured  value  of  the  (k)  component  of 
pressure  across  the  ( j)  coordinate  plane.  It  was  convenient  to  enumerate  the 
three  times  three  pressure  components  in  a quadratic  scheme,  viz. , 


Pli 

P12 

p13 

p2i 

p22 

p23 

P31 

CM 

J*\ 

Ph 

p33 

and  refer  to  any  one  such  component  as  a normal  pressure  for  j = k,  and  as  a 
tangential  or  shearing  one  for  j # k. 

In  accordance  with  the  scheme  (4b)  the  required  number  of  measurements 
at  the  point  would  have  been  nine,  but  this  number  could  be  reduced  to  four 
because  the  various  P^  had  to  satisfy  certain  conditions  of  equilibrium  and  of 
symmetry.  There  was  an  equilibrium  between  the  (k)  component  of  pressure 
across  the  ( j)  plane,  and  ( j)  component  of  pressure  across  the  (k)  plane,  viz. 

(for  k or  j = 1,  2,  3)  (4-c) 


Pjk  = pkj 


ID 


There  ms  also  a digonal  symmetry*  round  the  No.  3 axis  of  the  flow  pattern 
with  respect  to  all  experimental  conditions,  and  this  required  for  the  pressure 
components  across  the  No.  3 plane  that 


p3i  * P32  * 0 

Thus  the  scheme  (4b)  simplified  to 


P= 


PU  P12  0 


P21  P22  0 


with  P. 
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*33 


(4d) 


(4«) 


and  the  only  measurements  required  sere  those  of  the  three  normal  comp anents 
^*22 » p33  and  of  one  shearing  component  or  P21  (which  ever  was  more 
convenient  with  respect  to  access).  This  resolution  is  shown  in  Fig.  2. 


Proceeding  then  in  the  flow  pattern  from  one  point  to  another  it  was 
convenient  to  locate  the  various  points  there  in  term1'  of  the  spherical  polar 
system  of  coordinates  (p,  0,*),  as  indicated  in  Fig.  j,  and  to  determine  in  this 
system  the  pressure  components  as  functions  of  the  coordinates  of  the  points, 
viz.,  Pjjj.  (p  0 *).  Progressing  from  one  point  to  a neighbouring  one  along  the 
edges  ol:  a differential  cell,  there  had  to  be  an  equilibrium  between  the  forces 
of  inertia  and  gravity  acting  on  the  mass  of  the  cell,  and  the  traction  forces 
acting  as  pressures  on  the  surface  of  that  cell.  The  conditions  of  equilibrium 
had  to  be  satisfied  along  each  of  the  directions  P 0 and  t where,  one  found  the 
following  conditions.  With  regard  to  V it  nas  ensured  by  the  use  of  torsional 
shears  round  a vertical  axis  that  there  ms  a rotational  symmetry  round  that  axis 
for  all  the  relevant  experimental  conditions  so  that  there  was  no  change  of 
pressure  along  the  t direction,  viz.. 


pjk  ( * ) * p3k  (0)  (for  j or  k = 1,  2,  3)  (4f) 

With  regard  to  0 there  ms  no  need  to  determine  the  variation  of 
pressure  with  for  the  inclined  gaps  as  the  pressure  distribution  was  examined 
at  points  near  the  fixed  platen.  But  for  the  horizontal  gaps  it  was  found  from 
the  symmetry  conditions  **in  the  plane  (0  =7r/a)  of  the  top  platen  that  the  pressure 
components  remained  the  same  along  the  0 direction  (i.e.,  across  the  width  of 
the***  gap)  except  for  a small  increase  in  isotropic  pressure  fran  the  top  to  the 
bottom,  viz., 

!0  for  j * k ( in  horizontal  gaps) 

G ( o 0 f ) for  i = k 


pjk^  )=pjk(V2) 


where  G (p  0 + ) denoted  the  gravity  head  at  the  point  (p  0 *). 

*A.  digonal  axis  along  the  No.  3 direction  corresponds  to  a rotation  by  180° 
round  the  No.  3 coordinate  axis,  thereby  transforming  the  positive  directions 
(+■  l)  (>  2)  and  (+  3)  respectively  into  (-  i)  (-  2)  and  (-  3).  For  the  pressure 
components  it  was  therefore  found  = 


r3L 


(! 


Pjlc  for  k = 3 and  hence 
Pj^  for  k 4 3 


** There  ms  a digonal  axis  of  symmetry  along  every  diameter  in  the  plane  (0  = ir/2) 
of  the  top  platen  when  the  gravitational  field  was  neglected.  This  symmetry 
required  that  P^  (7,-/2  + 60  ) = Pj^  ( v/1  - 60  ) so  that  there  was  no  change  in 
pressure  along  the  direction  near  the  plane  ( 0=7, /2).  Taking  then  account  of 
the  gravitational  field  (4g)  was  found. 

***Frovided  the  gap  ms  small. 


11 


Finally,  it  ms  found  for  the 
conditions  of  equilibrium  (4f) * 
ap,,(p) 


P direction  from  {he)  to  (4g)  and  the 

SO  for  horisont&l  gaps 

- G (p  , v ) for  inclined  gaps 

(wo 


The  reduction  in  the  number  of  measurements  required  could  now  be 
clearly  Been.  It  sufficed  to  measure  the  pressure  components  only  along  one 
series  of  points  lying  in  the  boundary  surface  of  the  top  platen  along  a line  in 
the  p direct  ion(i.e.  along  a line  3 = const.,  and  f = const.)  as  it  was  possible 
to  calculate  from  these  measurements  the  values  of  Pju  at  all  points  with 
arbitrary  coordinates  according  to  (4f  ) and‘X4g).  Moreover,  it  sufficed 

to  measure  only  two  of  the  three  normal  canponents  and  3Pj^/  9 lnp  and  to  calculate 
the  third  from  the  equilibrium  condition  (4h).  A measurement  of  the  component 
P^l  across  the  No.  1 plane  was  impracticable  because  this  plane  was  inaccessibly 
hidden  inside  the  liquid  and  could  not  be  exposed  without  creating  a serious  dis- 
turbance of  the  flow  pattern.  However,  this  component  was  determined  from  (4h) 
measurement  of  P22  and  P33  and  3 P33/  6 lnp  as  described  below.  It  was  possible 
to  measure  the  components  across  tne  No.  2 plane  with  the  customary  pressure 
gauges  because  this  plane  extended  along  the  boundary  surface  between  the  liquid 
and  the  top  platen  and  was  thus  easily  accessible.  The  value  of  P22  was  read 
from  the  capillary  gauge  at  the  point  considered,  and  the  value  of  p2^  was  found 
from  the  torque  on  the  top  platen.  Finally,  the  measurement  of  P33  across  the 
No.  3 plane  was  made  possible  by  using  a special  set  up.  In  thia  the  No.  3 
plane  became  a side  boundary  of  the  liquid  under  test,  and  remained  undisturbed 
while  being  exposed  either  as  a free  boundary  to  atmosphere,  or  as  an  interface 
to  a liquid  of  the  standard  Newtonian  type,  i.  e.  a liquid  which  conformed  at 
every  point  to  the  condition  that  it  exhibited  equal  normal  pressures  across  all 
the  coordinate  planes,  and  that  the  common  value  of  that  pressure  was  for  all 
rates  of  shear  (c)  equal  to  the  gravity  head  (G)  at  the  point  plus  atmospheric 
pressure  (w  ) viz., 

?kk  (o)  = *kk  (0)  = G ♦ w (for  k = 1,  2,  3) 

(The  bar  in  the  symbol  P denoted  that  the  pressure  referred  to  the  standard 
liquid  and  not  to  the  liquid  under  test).  In  the  case  of  a free  boundary 
equalled  to  the  atmospheric  pressure  {v  ) while  in  the  case  of  an_interface 
the  amount  of  pressure  P33  transmitted  to  the  standard  liquid  as  P^^jcouldJae 
read  off  as  P22  on  the  capillary  gauge  adjacent  to  the  interface  as  P33  = Pp2- 
Altogether  all  the  four  non-vanishing  pressure  components  had  been  determined 
at  the  point,  and  these  in  turn  could  be  used  to  calculate  the  whole  pressure 
distribution  throughout  the  gap  (according  to  (4a  - 4h))  (see  Appendix  l). 

5.  Nxperimental  Testing  of  the  Liquids 

5«1  Liquids  of  the  Standard  (Newtonian)  type 

For  the  experimental  technique  discussed  in  the  previous  section, 
Newtonian  liquids  of  a standard  type  were  necessary,  which  in  a laminar  shearing 
motion  would  conform  at  every  point  and  at  all  rates  of  shear  (c)  to  the  stan- 
dardization condition:- 

?kk  (°)  = S*k  (0)  = G + 7T  (for  k = 1,  2,  3)  (5a) 

Liquids  of  the  standard  type  could  not  exhibit  any  pressure  gradient 
from  the-  rim  to  the  centre  because  the  vanishing  of  thiB  gradient  followed  from 
(5a)  and  the  condition  of  equilibrium  (4h)  for  all  rates  of  shear,  became 

9P33(p)  _ 9P22<p)  9fil<p)  _ . (5b) 

9 lnp  ~ 3lnP  " 9 InP 


•The  conditions  of  equilibrium  were  formulated  for  all  three  directions  (see 
Appendix  III)  but  only  in  the  p direction  did  they  provide  additional  information, 
as  the  conditions  with  regard  to  3 and  * were  already  contained  in  (4f)  and  (4g). 
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As  the  Newtonian  character  of  & liquid  had  usually  been  established  only 
with  regard  to  the  shear  components  (Pjg  and  P21)  it  was  necessary  to  check 
experimentally  whether  such  liquids  oonfoxmed  to  ths  standardisation  condition 
(5a)  regarding  the  normal  components  of  pressure.  Liquids  of  various  densities 
were  chosen  (see  section  Materials)  and  checked  with  respeot  to  (5a)  as  follows 

The  liquid  was  placed  in  the  gap  of  the  truncated  cone  apparatus 
(Pig.  4c)  and  examined  first  at  rest,  and  then  under  various  shears.  The  shears 
were  produced  by  rotating  the  bottom  cone  at  a constant  angular  velocity  against 
the  statically  held  top  cone  which  was  truncated  and  built  as  a measuring  head 
holding  the  capillary  gauges.  The  truncation  level  divided  the  liquid  in  the 
gap  into  two  parts  which  suffered  widely  different  rates  of  shear.  While  the 
tpper  part  of  the  liquid,  contained  in  the  narrow  section  above  the  truncation 
level  suffered  a stationary  rate  of  shear  which  varied  from  one  experiment  to 
another  between  0 and  50  sec.“  *,  it  was  found  that  the  lower  part  of  the  liquid, 
contained  in  the  wide  section  below  the  truncation  level,  remained  practically 
static  throughout  all  the  experimenta.  Pig.  4c  illustrates  how  the  pressure 
measurements  were  carried  out  for  a point  B,  immediately  above  the  truncation 
level  (using  Newtonian  liquid  only,  both  liquids  are  shorn  in  figure).  The 
flow  pattern  at  this  point  was  that  described  in  the  preceding  section  with 
coordinate  planes  No.  1 extending  in  the  paper  plane,  No.  2 tangentially  to  the 
cone  surface  containing  the  line  AB,  and  No.  3 perpendicular  to  the  other  two 
so  that  this  plane  separated  the  sheared  part  of  the  liquid  from  the  practically 
unsheared  part. 

The  liquid  at  rest  (i. e.  for  zero  rate  of  Bhear)  was  isotropic  and 
exhibited  therefore  at  every  point  across  planes  of  all  orientations  a normal 
pressure  equal  to  the  gravity  head  ( G)  at  the  point  plus  atmospheric  pressure 
( 7r ) , and  t he  value  of  this  pressure  could  be  read  off  in  the  capillary  gauge  at 
the  point  (when  atmospheric  pressure  was  taken  as  the  zero  level).  Here  it  was 
found  that  the  condition  (5a)  was  trivially  fulfilled  according  to: 

Pjd,  (0)  = G ♦ w (for  k * 1,  2,  3)  (5c) 

Proceeding  then  to  experiments  with  various  rates  of  shear  the  pressure 
component  P2p  far  the  point  B was  observed  in  the  capillary  gauge  at  B (see 

Pig.  4c).  For  stationary  rates  of  shear  varying  between  0 50  seos^no 

change  In  pressure  was  observed,  viz., 

P22  (c)  = 1^22  (0)  (for  point  B)  (5d) 

For  the  observation  cf  the  pressure  component  P33  at  the  point  B It 
was  noted  that  thiB  component  was  transmitted  across  the  No.  3 plane*to  the  Btatic 
part  of  the  liquid  where  it  was  recorded  in  every  one  of  the  capillary  gauges 
below  the  truncation  level  according  to  (5c)  (see  Pig.  4c).  The  observation 
of  these  capillary  gauges  again  showed  no  changes  in  pressure  for  the  various 
rai.es  of  shear,  and  hence 

*33  (°)  = P33  (0)  (for  point  B)  (5e) 

Pinally,  the  pressure  component  ms  calculated  at  the  point  B from 
the  equilibrium  condition  ^4a),  and  again  no  changes  lor  the  various  rates  of 
shear  were  found  so  that 

pil  (c)  = Pj.1  (0)  (for  point  B)  (5f) 

ThiB  completed  the  check  since  equations  (5c)  (5d)  (5e)  and  (5f) 
together  confirmed  the  oompliance  of  the  liquid  under  test  to  the  standardization 

* It  had  not  been  possible  to  ascertain  the  exact  orientation  of  ti»  plane  which 
separated  in  the  gap  the  sheared  part  of  the  liquid  from  tte  unsheared  one,  so 

that  this  plane  may  have  been  at  an  angle  to  the  No.  3 plane.  However,  it  could 

be  shorn  that  such  an  angular  deviation  did  not  in  any  way  detract  from  the 
validity  of  the  check.  (See  Appendix  No.  II). 
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condition.  The  valuea  actually  obtained  for  the  various  liquids  here  con- 
sidered are  given  in  Tables  1-4.  Several  counter-checks  were  nade  in  order  to 
make  quite  sure  that  the  selected  liquids  could  be  used  as  standard  cnee. 
Confirmation  was  obtained  in  experiments  made  in  the  oone-flat  plate  apparatus 
with  horizontal  gaps  when  additional  pressure  was  put  across  the  side  boundary 
of  the  gap. 

In  all.  experiments  was  observed  a sero  pressure  gradient  from  the  rim 
to  the  centre  in  accordance  with  (5b). 

Tables  5-8  give  sane  of  the  results  obtained  in  the  counter-checks. 

By  the  above  tests  it  was  established  that  the  liquids  listed  in  the 
Tables  (1-4)  could  be  used  as  standard  ones. 

5.2  Liquids  of  Non-Standard  Types 

Various  liquids  have  been  found  which  belonged  to  a general  (non- 
standard) type  as  they  exhibited  in  the  conical  gaps  marked  pressure  gradients 
in  the  radial  direction  from  the  rim  to  the  centre  deviating  from  the  standar- 
dization condition,  (5a).  The  testing  of  all  such  liquids  relied  on  the  use  of 
liquids  of  the  standard  Newtonian  type,  now  made  available  in  accordance  with 
the  checks  made  in  the  preceding  paragraph. 

For  the  liquids  of  the  general  Non-standard  type  a number  of  systematic 
series  of  experiments  was  made  in  order  to  assess  the  influence  on  the  pressure 
distribution  of  the  experimental  conditions,  with  regard  to  all  the  factors 
(a)  to  (g)  enumerated  in  the  Introduction.  Most  experiments  were  carried  out  in 
the  horizontal  cone- flat  plate  gap  where  the  distribution  could  be  determined  at 
all  points  because  in  the  horizontal  cone-flat  plate  gap  all  the  points  suffered 
the  same  rate  of  shear.  However,  Bane  preliminary  experiments  were  made  in  the 
inclined  double  cone  gap  which  was  particularly  well  suited  for  a simultaneous 
measurement  of  all  three  normal  components  P^,  P22  and  P33,  although  these 
pressure  components  could  be  measured  only  for  the  points  which  had  the  same  rate 
of  shear  and  extended  along  the  surface  of  the  top  cone  and  from  it  to  a depth 
of  i°. 


For  ease  of  discussion  the  interface  between  the  general  and  the  stan- 
dard liquid  was  always  regarded  as  a surface  No.  3»  The  justification  for  this 
was  derived  from  the  exact  treatment,  given  in  Appendix  II  where  the  uncertainty 
of  the  exact  orientation  of  the  interface  was  taken  into  account. 

In  the  preliminary  experiments  the  general  liquid  was  sandwiched 
between  two  layers  of  standard  liquids  in  the  inclined  double  cone  gap  (with  or 
without  the  top  cone  truncated).* ** 

With  this  set-up  it  was  possible  to  read  off  at  each  interface  the 
corresponding  valueB  of  P22  and  P^  of  the  general  liquids  on  the  capillary 
gauges  on  either  side  of  the  interface,  the  gauge  on  the  side  of  the  general 
liquid  recording  the  P22  acting  across  the  conical  surface  (No.  2)  and  the 
gauge  on  the  side  of  tne  standard  liquid  recording  the  Px^  acting  across  the 
surface  of  the  interface  No.  3.  The  extrapolation  of  tne  gauge  readings  to  the 
valueB  at  the  interface  was  facilitated  by  the  fhct  that  in  every  experiment  the 
gauges  were  all  cn  the  same  horizontal  level  over  the  two  layers  of  standard 
liquid,  and  showed  over  the  sandwiched  layer  occupied  by  the  general  liquid  the 
typioal  logarithmic  increase  in  the  radial  direction  fran  the  outer  interface  to 

*In  this  gap  it  was  irrelevant  in  principle,  whether  or  not  the  top  cone  was 
trunoated.  However,  for  practical  reasons  the  truncated  top  cone  was  used  in 
preference  to  the  untruncated  one,  because  the  setting-up  with  a sufficient 
degree  of  accuracy  took  less  time  for  the  truncated  top  cone. 

**  In  comparing  the  readings  of  the  o&pillary  gauges  of  the  liquids  of  the  two 
kinds,  due  aooount  has  to  be  taken  of  the  difference  in  their  densities  and 
surfaoe  tension. 
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the  inner  ones  (see  Fig.  4c).  When  & series  of  experiments  ms  carried  out  at 
the  same  rate  of  shear  at  various  levels  of  the  interface,  P22  “id  ^33  were 
obtained  as  functions  of  o',  and  was  calculated  as  function  of  p , from  the 
equilibrium  condition  (4h).  In  subsequent  Beries  of  experiments  of  this  kind 
the  experimental  conditions  were  varied  systematically  with  regard  to  the  various 
faotors  (a)  to  (g)  and  found  for  every  liquid  examined,  at  every  rate  of  shear, 
at  every  point  of  the  cone,  and  for  all  pressures  exerted  across  the  side 
boundary, 


p33  - p22  = 0 ap33  3p22  3Pn  (5g) 

P22  ~ P11  = P33  ” Pli  = bin  p=  31n  p=  31nP  (5lx) 

Tables  9-21  give  typical  examples  of  the  results  obtained. 

Proceeding  then  to  the  horizontal  cone/flat  plate  gap  analogous  series 
of  experiments  were  carried  out  and  measured  there  in  addition  to  the  three 
normal  pressure  components  P^  P22  ?33>  also  the  shearing  component  P2^  of  the 
general  liquid.  The  experimental  procedure  had  t1'  be  changed  to  a certain 
amount,  as  the  flow  conditions  became  unstable  when  the  general  liquid  was  sand- 
wiched between  two  layers  of  standard  liquids.  However,  stahle  conditions  were 
obtained  by  putting  the  standard  liquid  cm  the  outside  only.  The  rim  attach- 
ment to  the  bottom  cone  then  allowed  a build-up  of  the  gravity  head  for  the  stan- 
dard liquid  to  any  required  pressure,  the  liquids  of  high  specific  gravity 
(mercury  and  Hobson's  K stem  liquid)  being  used  to  obtain  a wide  range  of 
pressures  within  the  available  height  of  the  rim  attachment.  For  every  general 
liquid  under  teet,  and  every  rate  of  shear,  a series  of  experiments  had  to  be 
carried  out  first  with  a free  side  boundary  of  the  general  liquid  to  atmosphere, 
and  then  with  a boundary  to  the  standard  liquid  with  the  interface  formed  at 
several  distances  from  the  centre.  In  each  case  t':a  gravity  head  of  the  stan- 
dard liquid  had  to  he  adjusted  to  a height  till  all  the  capillary  gauges  over 
the  general  liquid  recorded  the  same  values  &b  in  the  experiment  with  a free 
boundary.  In  this  way  it  was  again  possible  to  measure  on  either  side  of  the 
interface  the  values  of  P£2  and  P33  as  functions  of  p , and  calculate  the  valueB 
of  as  function  of  p , from  the  equilibriun  conditions.  It  was  noted  for 

the  capillary  gauges  that  those  which  recorded  the  pressures  over  the  annulus  of 
the  standard  liquid  were  all  on  the  same  horizontal  level,  while  those  which 
recorded  the  pressures  over  the  inner  portion  occupied  by  the  general  liquid 
showed  the  typical  logarithmic  increase  in  the  radial  direction  from  the  interface 
to  the  centre.  (See  Figs,  lb  and  1c).  The  relations  (5g)  and  (5h)  were  also 
fully  confirmed  and  established  by  the  experiments.  Finally,  the  effect  of  a 
change  in  the  rate  of  shear  on  the  shearing  component  of  pressure  P2^  and  on  the 
differences  in  the  normal  pressures  was  measured.  A selection  of  typical 
results  is  given  in  the  Figs.  13,  14  and  15  and  Tables  9-21.  A complete 
picture  of  the  pressure  distribution  in  the  horizontal  gaps  could  then  be  cal- 
culated from  the  measured  data  in  accordance  with  equations  (4e)  to  (4-h). 

6.  Theoretical  Discussion  of  Experimental  Evidence 

In  the  course  of  an  experimental  investigation  (1943  - 4-5)  K.  Weissenberg 
tested  the  predictions  of  his  earlier  theories®  ( 193*0 » and  demonstrated  for  a 
variety  of  visco-elastic  liquids,  including  saponified  oils,  solutions  of  rubber, 
starch,  cellulose  acetate,  etc.,  that  normal  components  of  pressure  could  be  pro- 
duced in  great  strength  when  the^e  liquids  were  subjected  to  certain  laminar 
shearing  motions.  Various  theories  were  then  proposed  to  account  for  the 
appearance  of  such  normal  components  of  pressure,  and  these  theories  were  con- 
sidered in  the  light  of  the  available  experimental  evidence. 

For  ease  of  comparison  the  theories  were  formulated  for  shearing 
motions  of  torsional  type  in  & horizontal  gap  of  conical  shape  in  which  the 
rate  of  shear  was  maintained  constant  in  space  and  time,  and  all  data  were 


*It  was  convenient  to  read  off  all  pressure  gauges  from  the  same  horizontal 
level  so  as  to  compensate  far  the  gravity  head  vrhioh  increased  steadily  from  the 
outer  interface  to  the  inner  one. 
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referred  to  the  flow  pattern  of  the  motion  by  way  of  the  systems  of  Cartesian 
and  spherical  polar  coordinates  illustrated  in  Pig.  3. 


There  was  a common  basis  available  for  a comparison  of  the  various 
theories  as  certain  features  of  the  pressure  distribution  could  be  deduced  by 
applying  only  first  principles  and  considerations  of  symmetry  as  shown 
previously.  In  particular  it  was  found  that  for  any  point  in  the  laminar 
shearing  motion  the  pressure  distribution  round  the  full  solid  angle  was  such 
that  the  components  of  pressure  acrosB  the  coordinate  planes  of  the  flow 
pattern  were  given  by 


Pil  Pi2  0 


P. 


P21  P22  0 


| with  P12  = P21 


33 


(6a) 


as  shown  in  Pig.  2 where  every  component  was  to  be  considered  as  a function  of 
the  coordinates  of  the  point  (p>  P*  *) . Proceeding  then  from  one  point  to 
another  it  was  found  for  the  experimental  conditions  specified  above  that  the 
various  pressure  components  were  functions  of  o only,  ; d that  these  functions 
had  to  satisfy  the  equilibrium  condition 


3P. 


33 


0 lnp 


♦ 2Pjj  “ ?22  ~ PljL 


(6b) 


According  to  such  general  theory,  represented  by  (6a)  and  (6b)  the 
values  of  the  three  components  of  normal  pressure  (P-jq,  P22,  P33)  could  all  have 
been  different  from  one  another  at  the  same  point,  and  it  was  here  that  the 
special  theories  of  the  various  authors  made  different  assumptions. 


Gamer,  Nissan  and  Wood.  These  authors  ccnsj-dered  liquids  of  a visco- 
elastic type,  capable  of  storing  free  energy  in  amounts  steadily  increasing  with 
the  rate  of  shear^.  A theory  was  then  developed  on  the  assumption  that  at  every 
point  the  three  normal  components  of  pressure  were  equal  to  one  another,  and  that 
a pressure  difference  would  develop  between  two  adjacent  portions  of  the  liquid 
if,  and  only  if,  the  two  portions  moved  at  different  rates  of  shear  and  thus 
contained  different  amounts  of  free  energy  per  unit  volume. 


For  the  experimental  conditions  here  considered  the  rate  of  shear  did 
not  vary  in  the  radial  direction  so  that  the  theory  required  zero  values  for 
9 Pm  and  for  the  differences  between  the  three  components  of  normal  pressure, 

0 In  p ap... 

viz.,  (G.N.W.1)  (P±1  - P22)  = (P22  - P33)  = (P33  - Pn)  = — 0 

6 in  p 

Reiner  - Rivlin.  These  authors  considered  liquids  of  a type  so 
defined  that  at  every  point  the  main  axes  of  stress  should  be  parallel  to  those 
of  the  strain  velocity.  Reiner  introduced  these  liquids  merely  as  an  ideal 
type7,  which  may  or  may  not  exist,  and  derived  for  it  the  most  general  (non- 
linear) relationship  between  stress  and  strain  velocity.  Rivlin  than  claimed 
that  the  liquids  which  feissenbeig  had  used  in  his  experiments  conformed  to  this 
ideal  type  and  that  the  non-linear  terms  in  the  relationship  between  stress  and 
strain  velocity  accounted  for  the  observed  normal  pressures. 

For  the  experimental  conditions  here  considered  the  theory  of  the 
authors  required 'that  at  every  point  and  at  all  rates  of  shear 


P13  = P22  (P  and  Rl) 

so  it  ms  found  for  the  differences  in  the  normal  components  of  pressure 


P11  " P22  = 0 
(pii  - *33)  = (pu 


9 P 


V = 4 


53 


din  p 


(R  and  R2) 
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In  accordance  with  the  equilibrium  equation. 

Meissenberg.  This  author  considered  liquids  of  a general  visco- 
elastic type,  and  first  developed  the  theory  in  its  general  form6.  He  then 
introduced  an  assumption  according  to  whioh  planes  of  various  orientations 
passing  through  one  point  exhibited  the  same  normal  pressures  per  unit  area 
if,  in  due  oourse  of  the  motion,  these  planes  had  suffered  per  unit  area  the  same 
normal  displacement  relative  to  their  parallel  neighbouring  planes. 

For  the  experimental  conditions  here  considered  this  theory  required 
that  at  every  point,  and  for  all  rates  of  shear 

p22  = p33  W 

so  that  one  found  for  the  three  differences  of  normal  pressures 


“ & 3 P„ 

(pll  " p22>  - (pii  " p33)  = — («) 

3 In  p 

in  accordance  with  the  equilibrium  equation.  The  author  applied  hiB  assumption 
not  only  to  the  movement  as  a whole,  but  also  to  that  part  of  the  movement  whioh 
corresponds  to  the  recoverable  strain,  i.e.  which  ooul'd  be  elastically  recovered 
when  all  the  forces  sere  suddenly  released.  In  this  way  he  linked  the  effects 
of  normal  pressures  to  the  elastic  properties  of  the  liquid  in  shear,  but  a dis- 
cussion of  such  a link  had  to  be  postponed  as  the  experiments  relating  to  it  have 
not  yet  been  oonpleted.  It  is  hoped  to  make  experiments  on  recoverable  strain 
to  further  check  this  theory. 

Mooney.  Recently  Mooney'*  suggested  a more  general  form  of  VeiBsenberg's 
theory  by  Introducing  an  elasticity  law  which  contained  two  material  character- 
istics, one  the  shear  modulus  (G)  and  another  modulus  (H)  whioh  in  addition 
showed  up  in  normal  pressures.  Mooney's  theory  coincides  with  ffeissenbarg's 
j 0 - H = 0 while  for  G - H^O  the  difference  between  and  *33*  , 

(M.l) P22  - P33  = (G  - H)3C  when  C = Const,  for  each  experiment. 

Mooney's  theory  was  found  to  be  oompatible  with  the  experimental 
results  only  when  it  coincided  with  teissenberg'B  theory,  i.e.  when  G - H = 0. 


In  a summary,  the  theories  of  the  various  authors  could  conveniently 
be  compared  with  one  another,  and  with  the  experimental  data  given  in  this 
paper,  by  plotting  each  of  the  differences  of  the  three  normal  pressures,  i.e., 

1 (pll  " p22>>  (p22  “ p33)>  (p33  " pll)  against  |ZiL 

3 In  o 

As  some  of  these  quantities  were  essentially  positive,  while  the 
others  were  essentially  negative  it  was  convenient  to  plot  each  quantity  with  its 
i appropriate  sign.  The  plot  shown  in  Fig.  6 gave  a comprehensive  picture  of 
{ all  the  results  obtained.  It  was  Been  from  this  plot  that  the  experimental 
' evidence  was  incompatible  with  the  theories  of  Garner,  Nissan  and  Wood  and  of 
| Reiner  and  Rivlin,  while  strongly  supporting  the  theory  of  Teissanberg. 

Further  support  was  given  by  the  results  of  the  partial  investigation  of  large 
varieties  of  liquids  which  whilst  not  tabulated  had  been  shown  to  conform  to 
equations  W.l  and  V.2  at  the  rim  where  direct  observations  of  P^  and  P33 
could  be  made. 


One  might  have  expected  to  find  the  data  for  the  real  liquids  some- 
where between  the  various  theoretical  lines  which  corresponded  to  the  idealised 
types  of  liquids  oonsidered  by  the  various  authors.  However,  this  was  not  the 
case  as  it  was  found  fran  all  the  experimental  data  recorded  in  Fig.  1 that  the 
results  approximated  to  the  ideal  type  of  Weissenberg  theory  within  the  limits 
of  experiment  and  error  while  they  were  incompatible  with  the  ideal  types  of  the 
theories  of  Garner  and  Nissan,  Reiner  and  Rivlin  except  in  the  trivial  case  near 
the  zero  point  where  the  ideal  types  of  all  the  theories  became  indistinguish- 
able. This  difference  between  theory  and  experiment  was  well  outside  the 
experimental  error  above  values  of  0P ,-/6lnp>l  * 10^  dynas/cm  . 


17 


Acknowledg ament s 

The  author  is  indebted  to  Dr.  K.  Weiasenberg,  Dr.  U.  Reiner,  and 
Dr.  A.  H.  Nissan  for  discussion  on  their  theories,  and  to  S.  M.  Freeman, 

C.  N.  Richmond  and  D.  ifylde  for  discussion  on  the  Rheogoniometer. 

Thanks  are  also  due  to  E.  D.  Rowell  and  S.  S.  Lewes  who  have 
developed  special  apparatus  for  accurate  photography  of  the  pressure  gauges. 

List  of  References 


(1)  Freeman  S.  M.  , Rheogoniometer,  Report  of  the  General  Conference 

of  British  Rheologists’  Club,  Oct.  1946  (Nelson  4 Sons). 

(2)  Weiasenberg  K. , Froc.  Inst.  Rheol.  Congress  Holland,  1948. 

(3)  Richmond  C.  N. , Rheogoniometer,  Report  of  Investigation  of 

Grid  Measuring  Unit.  (Private  Communication). 

(4)  Mooney  M.  and  Ewart  R.  H. , Physics  Jj.  350  - 355  Nov.  1934. 

(5)  Gamer  P.  H. , Nissan  A.  H. , Wood  G.  F. , Phil.  Trans.  A.  243,  858 

37-66,  1950. 

(6)  Weissenberg  K.,  Abh.  Pr.  Akad.  Wiss.  No.  2 1931  and  Ach.  Sci.  Phys. 

et  Nat.  J.  17.1.1934. 

(7)  Reiner  M.  Am.  J.  Math. 

(8)  Rivlin  R.  3.  and  Greensmith  H.  W.  Nature,  168,  4276,  664  - 5,  1951. 

(9)  Mooney  M. , J.  Coll.  Sci.  6,  No.  2,  96  - 107,  1951. 


18 


Tables  1 and  5 are  for  a Newtonian  Type  Light  Oil) 

Tables  2 and  6 are  for  Vater  ) at  different 

) rates  of  shear 

Tables  3 and  7 are  for  Hobson's  K stem  Liquid  ) 

Tables  4 and  8 are  for  Mercury  ) 

The  results  for  Tables  1-4  are  for  a Trunoated  Cane/Cone  44°A6°. 

The  results  for  Tables  5-8  are  for  a 1°  ConeAlat  Plate 

The  results  for  Tables  9-13  are  for  3"  Al,  Laurate/TVO  at  different 
rates  of  shear* 

The  results  for  Tables  14-17  are  for  59?  Rubber /Stooked  Sheet/lylene. 
The  results  for  Tables  18-21  are  for  R.O.C.  oil  sanple  6726* 

Apparatus t 1°  Cone/Plat  Plate  (at  different  rates  of  shear) 

The  Tables  are  corrected  for  surface  tension  and  the  logarithmic 
mean  of  the  tube  is  taken  as  the  pressure  point. 

A negative  sign  denotes  a pull* 


L9 


TABLE  NO.  1 

Material!  Newtonian  type  light  oil 
Apparatus  Truncated  Cone/2  one  44°A-6° 

Density  = 0.873  gq/oc. 

No*  of  Tube 


Height  of  liquid 
in  cans,  allowing 
for  Surfaoe  Tension 


P33 

At  Rim 

Rate  of 
Shear 
seo”l 

0 

0.5 

0 

5.0 

0 

50.0 

1.8 

0.5 

1.8 

5.0 

1.8 

50.0 

TABLE  NO.  2 


Material!  Water 

Apparatus:  Truncated  Cone/Cone  44°A6° 


No.  of  Tube 


Height  of  liquid 
in  ans.  allowing 
for  Surfaoe  Tension 


Rate  of 
13  At  Rim  Shear 


1.85 


TABLE  NO.  3 


Material!  Hobson's  K Stem  liquid 


Density!  2.96  gn./co 


No.  of  Tube 


3 5 


. . Rate  of 

11  13  At  Rim  Shear 

I I ..."  A 


Height  of  liquid 
in  ams.  allowing 
for  Surfaoe  Tension 


20 


TABLE  NO.  4 


Material s Mercury 

Apparatus!  Truaoated  Oone/Oone  44°A6° 


No.  of  Tube 

1*22 

P33 
At  Him 

Rate  of 
Shear 
seo“^* 

■ 

3 

5 

■ 

9 

11 

13 

Height  of  liquid 

0 

0 

0 

0 

0 

0 

0 

0 

0.5 

in  ana.  allowing 

0 

0 

0 

0 

0 

0 

0 

0 

5.0 

for  Surface  Tension 

0 

0 

0 

0 

0 

0 

0 

0 

50.0 

1.8 

1.8 

EH 

BSE 

EH 

inn 

1.8 

0.5 

1.8 

1.8 

1.8 

1.8 

1.8 

1.8 

1.8 

1.8 

5.0 

1.8 

1.8 

1.8 

1.75 

1.75 

1.8 

1.8 

1.8 

50.0 

TABLE  NO.  5 

Material!  Newtonian  type  light  oil  Density  = 0.873  gm/oo. 

Apparatus!  1°  Cone/Elat  Plate 


No.  of  Tube 

p22 

P33 
At  Him 

Rate  of 
Shear 
seo-i 

B 

3 

5 

n 

9 

11 

13 

15 

Height  of  liquid 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0.5 

in  aos.  allowing 

0 

0 

0 

.1 

0 

0 

0 

0 

0 

5.0 

for  Surfaoe  Tension 

0 

0 

0 

0 

0 

0 

0 

0 

50.0 

■a 

1.2 

1.3 

1.2 

1.2 

1.2 

1.2 

1.2 

1.2 

0.5 

1.15 

1.2 

1.2 

1.15 

1.15 

1.2 

1.2 

1.2 

1.2 

5.0 

1.15 

1.15 

1.15 

1.15 

1.15 

1.15 

1.15 

1.2 

1.2 

50.0 

, * TABLE  NO.  6 

I Material!  Water 


Apparatus!  1°  Cone/Elat  Plate 


No,  of  Tube 

P22 

p33 
At  Rim 

Hate  of 
Shear 
seo“* 

■ 

3 

5 

B 

9 

11 

13 

15 

Height  of  liquid 

0 

0 

0 

0 

0 

0 

0 

0 

0.5 

in  cms.  allowing 

0 

0 

0 

0 

.05 

0 

0 

0 

0 

5.0 

for  Surfaoe  Tension 

0 

0 

0 

0 

0 

0 

0 

0 

0 

50.0 

■S 

1.5 

1.5 

1.5 

1.5 

1.5 

1.5 

EH 

ra 

0.5 

1.5 

1.55 

1.5 

1.5 

1.5 

1.5 

mam 

5.0 

K2S 

1.5 

1.5 

1.5 

1.5 

1.5 

1.5 

Ka 

50.0 

TABLE  NO.  7 

Material:  Hobson' s K Stem  Liquid 

Apparatus:  1°  Cone/Plat  plate 

Density  = 2.96  gn/c 

No.  of  Tube 


Height  of  liquid 
in  cms.  alloafing 
for  Surfaoe  Tension 


3 

5 

0 

0 

0 

0 

0 

0 

9 11  13  15  At  rim 


Hate  of 


0 0 0 

0.1  0 0 

0 .05  .05 


0 0.5 

0 5.0 

.05  50.0 


io7ll.7ll.65l  1.65 


Material:  Mercury 

Apparatus : l°Cone/Flat  Plate 


TABLE  No.  8 


3 5 


9 11  13  15 


At  Rim 


Rate  of 
Shear 


.05  .05 


0.5 
5.0 
1.25  50.0 


J . 

SIX*  NO.  9 

Material!  % 11.  Iaurate/T. V.O. 


Rate  of  Shear!  50  aec"  ^ Density!  0.83  gn/cc. 


cm 

CM 

.CM 

A* 

P33 

a.P33 

*11  ~ p22 

p22  “ p33 

P11  ~ p33 

ynee/aq.aru 

3 In  r 

8 ^3/  9 In  r 

8^53/9  In  r 

3P^ij/9ln  r 

■ 4400 

0 

0 

■ 3700 

680 

700 

Average 

Average 

Average 

Average 

■ 2900 

1500 

1500 

Value 

Value 

Value 

Value 

■ 2100 

2500  . 

2400 

- 700 

3700 

3700 

- 4420 

1.00 

.003 

1.0 

900 

5500 

5400 

3900 

8100 

8200 

3600 

8400 

8200 

700 

5700 

5400 

u 

- 900 

3900 

3700 

1.07 

.034 

1.03 

12 

- 2200 

2550 

2400 

13 

■ 3100 

1700 

1500 

14 

■ 3700 

700 

700 

15 

- 4400 

0 

0 

IABLB  NO.  10 


Material!  # 11.  Laurat^- V. 0. 
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TABUS  NO.  11 


Material:  3#  Al.  Laurate/T.V.  0. 

Rate  of  Shear:  34  sec."  1 Density:  0.83  grr/cc 


Gauge 

P11 

P22 

p33 

3p33 

P11  _ p22 

ll 2 " P33 

Pll-  P33 

No. 

Dynes/s  q,.  cm. 

31n  r 

SP^/  ®ln  r 

r 

S P33/ 3 In  r 

1 

- 2400 

0 

0 

2 

- 2100 

300 

300 

Average 

Average 

Average 

Average 

3 

- 1620 

650 

700 

Value 

Value 

Value 

Value 

4 

- 1300 

1300 

1200 

5 

- 600 

1800 

1800 

- 2370 

1.01 

.003 

1.01 

6 

250 

2800 

2700 

7 

Q 

2300 

4500 

4600 

9 

2100 

4750 

4600 

10 

50 

3000 

2700 

11 

- 800 

2000 

1800 

1.01 

.054 

1-05 

12 

- 1320 

1350 

1200 

13 

- 1800 

800 

700 

14 

- 2100 

300 

300 

15 

- 2400 

0 

0 

TABLE  NO.  12 


Material:  3$  Al.  Laurate/T.V.  0, 

Rate  of  Shear:  26  sec."  A Density:  0.83  gm/cc 


Gauge 

No. 

P±1 

p22 

P33 

3P„ 

P11  - P22 

N'* 

Ph 

1 

04 

Ol 

P11  " p33 

Dynes/sq.cm 

3 In  r 

8^33/  3 In  r 

0 133/ 0 In  r 

3?33/  3 In  r 

1 

- 1240 

0 

0 

2 

- 1000 

150 

200 

Average 

Average 

Average 

Average 

3 

- 800 

350 

400 

Value 

Value 

Value 

Value 

4 

- 550 

700 

700 

5 

- 300 

1050 

1000 

- 1240 

1.00 

- .0 

1.00 

6 

300 

1650 

1600 

7 

1200 

2400 

2400 

O 

9 

1000 

2600 

2400 

ID 

350 

1600 

1600 

11 

- 200 

950 

1000 

1.04 

.012 

1.01 

12 

- 550 

700 

700 

13 

- 850 

400 

400 

- 1000 

150 

200 

- 1240 

0 

0 

Density:  *83  go/ oo 


Material;  Jft  11.  Laurate/T.^.O. 
Bate  of  Shear:  15  aeo.”^ 


TAHTg  NO.  14 

Material:  Rubber/Smoked  Sheet/iylene 

Hate  of  Shear:  93  seo.^  Density:  0,826  ga/oo 


Gauge 

No. 

P11 

p22 

P33 

®P33 

*n  “*22 

p22  “lP33 

P11  -p33 

Dynes/sq.  c 

8 lnr 

SP^y^ln  r 

dP^yfcln  r 

dp33/ilnr 

1 

-2060 

0 

0 

2 

-2060 

0 

0 

Average 

Average 

Average 

Average 

3 

-1660 

400 

400 

value 

value 

value 

value 

4 

-1400 

950 

800 

5 

- 500 

1450 

1500 

-2060 

.99 

.0034 

.96 

6 

440 

2300 

2400 

7 

ft 

1700 

3650 

3700 

9 

1440 

3900 

3700 

10 

300 

2450 

2400 

u 

- 600 

1500 

1500 

1.04 

.02 

1.02 

12 

-1300 

850 

800 

13 

-1660 

400 

400 

14 

-2060 

0 

0 

15 

-2060 

0 

0 

25 


TABLE  NO.  15 


Material:  5 % Rubber/Smoked  Sheet/Xylene 


Rate  of  Shear:  31  see 


- 1 


Density:  0.826  gn/cc 


Gauge 

No. 

P11 

p22 

P33 

Pil  " P22 

P22  " P33 

P11  “ P*3 

Dynes/sq.  cm. 

9 In  r 

9r  /91n  r 

53 

9 1*33/  0 In  r 

aPj^/Sln  r 

1 

- 1340 

0 

0 

2 

- 1340 

0 

0 

Average 

Average 

Average 

Average 

3 

- 1150 

200 

200 

Value 

Value 

Value 

Value 

4 

- 950 

400 

400 

5 

- 750 

600 

600 

- 1340 

1.05 

.0027 

1.03 

6 

- 100 

1550 

1400 

7 

R 

1000 

2500 

2400 

9 

1200 

2300 

2400 

10 

60 

1400 

1400 

11 

- 800 

650 

600 

.98 

- .0011 

.99 

12 

- 950 

400 

400 

13 

- 1100 

150 

200 

14 

- 1340 

0 

0 

15 

- 1340 

0 

0 

TABLE  NO.  16 

Ma'-erial:  5/i  Rubber/Snoked  Sheet/Xylene 
Rate  of  Shear:  20  sec-  ^ 


Density:  0.826  gm/cc 


Gauge 

P11 

P22 

mm 

E8B 

P11  - P22 

P22  " p33 

pii : p” 

riOe 

Dynes/sq.  cm. 

m 

6P^/8ln  r 

9 P^/  0 In  r 

8 Pj^/  8 In  r 

1 

- 

840 

0 

0 

2 

- 

840 

0 

0 

Average 

Average 

Average 

Average 

3 

- 

640 

200 

200 

Value 

Value 

Value 

Value 

- 

440 

400 

400 

- 

240 

600 

600 

- 840 

1»05 

.025 

1.03 

- 

100 

1050 

900 

7 

R 

750 

1600 

1600 

9 

860 

1500 

1600 

lu 

60 

900 

900 

1.00 

1 

• 

O 

s 

1.00 

11 

- 

300 

650 

600 

12 

440 

400 

400 

13 

- 

700 

250 

200 

14 

- 

840 

0 

0 

15 

840 

0 

0 

J * 

TABLE  NO.  17 

1 Material:  5#  Rubbe r/Seoolc e d Sheet/iylene 

Rate  of  Shear:  5.2  Bee"1  Density:  0.826  gn/oo 


Gauge 

No. 

pn 

p22 

P33 

«p33 

pn"p22 

P22-P33 

*11-^33 

pnea/sq. 

311  • 

3 In  r 

mm 

8P33^1nr 

1 

- 150 

0 

0 

2 

- 150 

0 

0 

Average 

Average 

Average 

Average 

3 

- 200 

50 

0 

Value 

Value 

Value 

Value 

4 

- 100 

50 

50 

5 

- 50 

100 

100 

-150 

1.09 

.05 

1.05 

6 

100 

150 

200 

7 

O 

100 

350 

300 

0 

9 

200 

250 

300 

10 

50 

200 

200 

11 

-50 

100 

100 

1.00 

0 

1.00 

12 

-100 

50 

50 

13 

- 200 

50 

0 

14 

- 150 

0 

0 

15 

-15 

0 

0 

TABLE  19. 


Materials:  R.O.C.  Sample  6726 

Rate  of  Shear:  70  sec”^ 


Density: 


Gauge 

No. 


Pn 

p 

*22 

P33 

Dyne^aq. 

an. 

-2000 

400 

600 

-1850 

700 

800 

-1350 

1400 

1400 

-550 

1800 

2000 

-250 

2900 

2700 

950 

3900 

3800 

2650 

6000 

5700 

3150 

5500 

5700 

1150 

3700 

3800 

-50 

2700 

2700 

O 

R 

1 

1950 

2000 

-1250 

1300 

1400 

-1950 

800 

800 

-2350 

400 

400 

Value 

-2750 


Value 

1.01 


Average  Average 

Value  Value 


.0023 


TABLE  20. 


Material:  R.O.C.  Sample  6726 

Rate  of  Shear:  50  sec“^ 


Density:  0.92  gm/ 


Gauge 


P P 
*22  33 


P -P 
11  r22 


P -P 

22  33 


P ~P 

11  33 


Dynes/sq.cm.  |9lnr  3P33^ln  r aPj^ln  r 8^ 9ln  r 


-1100 

200 

200 

-900 

400 

400 

-700 

600 

600 

-400 

900 

900 

-300 

1200 

1100 

300 

1800 

1700 

1100 

2800 

2600 

1300 

2600 

2600 

400 

1700 

1700 

-250 

1150 

1100 

-400 

900 

900 

-600 

500 

600 

-850 

350 

400 

-1100 

200 

200 

Average 

Value 


Average 

Value 
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Materiali  R.O.C.  Sample  6726 

Rate  of  Shear!  31  eec"^ 

Density:  0.92  gp/oc 

Gauge 

No. 


pn 

CM 

CM 

ft 

P33 

Dynes/sq, 

an 

-230 

0 

0 

-130 

100 

100 

-180 

150 

100 

-180 

150 

100 

- 30 

200 

200 

270 

300 

400 

270 

700 

600 

370 

600 

600 

270 

300 

400 

- 30 

200 

200 

-230 

200 

100 

-180 

150 

100 

-130 

100 

100 

-230 

0 

0 

3 Is  r 


P ~P 
1122 


8 In  r 


Average  Average 
value  value 


-230  1.12 


P -P 

22 


Average 

value 


Average 

value 


.031  1.03 
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APPENDIX  I 


Note  on  Capillary  Gauges 


There  are  obvious  advantages  in  the  use  of  capillary  gauges  for  the 
measurement  of  the  normal  pressure  exerted  by  a flouring  liquid  at  various 
points  at  a solid  boundary.  The  gauges  of  this  type  are  simple  in  construc- 
tion and  can  be  used  as  direct  reading  instruments  onoe  the  equilibrium  has 
been  established.  They  then  cause  very  little  local  disturbance  to  the  flow 
at  the  point  of  measurement  as  the  liquid  in  the  gauge  is  held  almost 
stationary  by  the  capillary  walls  and  thus  provides  conditions  similar  to 
those  of  the  adjoining  solid  surface  at  the  base  of  the  capillary. 


However  certain  precautions  have  to  be  taken  to  avoid  a misinter- 
pretation of  the  readings  taken  in  this  type  of  gauge. 

(i)  There  is  a considerable  delay  particularly  with  liquids  of  high 
viscosity  before  the  equilibrium  level  in  the  capillary  is 
established  as  the  liquid  has  to  flow  in  the  capillary. 

(ii)  Surface  tension  has  to  be  allowed  for  which  alters  the  height  and 
the  levelness  of  the  liquid  in  the  capillary. 

(iii)  The  finite  size  of  the  base  of  each  gauge  allows  only  the  recording 
of  an  average  value  of  the  pressures  exerted  at  the  various  points 
of  the  base  and  this  makes  it  difficult  to  assess  the  exact  value 
of  the  pressure  at  any  one  point,  particularly  when  there  is  an 
appreciable  variation  of  the  pressure  within  the  area  of  the  base. 


Note:  By  calculating  the  averages  over  these  areas  it  was  found  that  the 

pressure  centre  was  displaced  frtxn  the  tube  centre  towards  the  axis 
of  the  torque  by  amounts  which  were  negligible  at  the  periphery  but  gave  up 
to  some  8#  for  the  tube  adjacent  to  the  centre.  The  reading  of  the  centre 
tuoe  was  not  taken  because  the  flov  conditions  at  the  bottom  of  that  tube  were 
not  sufficiently  well  defined. 


Taking  this  into  account  readings  were  obtained  in  the  capillary 
gauges  reliable  to  an  accuracy  of  5 $ or  less  for  the  average  values  over  the 
area  of  the  base.  The  worst  conditions  were  encountered  in  the  cone  plate 
experiments  for  the  capillary  gauge  mounted  opposite  to  the  apex  of  the  cone. 
Here  the  pressure  changed  greatly  within  the  area  of  the  base  (for  a distur- 
bance in  the  effective  gap  size  of  .001"  gave  an  estimated  error  in  pressure 
change  of  some  200$  to  300$) , while  under  ideal  conditions  the  pressure  at  the 
centre  should  approach  an  infinitely  larger  value,  the  average  value  over  the 
base  area  will  be  given  by  wx?(Pn(R)  log  %/T  + n)  where  x is  the  radius  of 
the  capillary  and  Pn  = P33  - P]j.. 
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APHSKKIX  XI 


Tti»  Wnfimil  Pressure  across  the  Interface  between  a Standard  Id  quid  and  a 
General  One. 

Tbs  interface  had  to  be  always  a surface  in  an  orientation  parallel 
to  tbs  lines  of  flow  and  somewhere  between  the  planes  No.  3 and  No.  2.  It 
was  possible  to  oaloulate  for  any  such  orientation  the  normal  pressure  across 
the  interface  from  the  general  equations  (4a) , (4o)  and  (4d).  It  was  found 
that  the  normal  pressure  (ift)  on  a plane  of  arbitrary  orientation  was  given  by 

PN  = Pllvl  + F22v2  * P33^  + 2F12V1V2 

which  simplified  for  the  orientations  envisaged  for  the  interface 
( = 0»  and  v*  + = i)  to 

PN  = P22  + (P33  “ *22^ 

The  experimental  result  of  an  equality  between  P22  and  the  normal, 
pressure  PR  across  the  interface  then  meant 

P22  = P22  + ^P33  ” P22^3  honCa 


as  was  different  from  zero. 
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APPENDIX  III 


The  Equilibrium  of  Forces 

The  principle  of  equilibrlun  of  forces  required  for  a differential 
cell  a balance  between  the  forces  of  inertia  and  gravity  acting  on  the  ">»*■  of 
the  cell  and  the  traction  farces  acting  on  the  surface.  The  conditions  of 
equilibrium  have  been  formulated  in  various  systems  of  coordinates*.  Per  a 
Cartesian  system  of  coordinates  (x^  x2  x)  the  equations 


9P. 


Ik 


9P, 


2k 


9P. 


3k 


^ + 3x2  + 3x^  + ^k  + ®k  “ ® 


with  g1;  2>  3 


(o,  g,  o for  horizontal  gap 

} ■ o „ B for  inclined  gap  with) 

(o,  g sin  p,  g cos  B , . _ . ° , < 

half  opening  angle.  ) 


were  found,  as  the  traction  forces  acting  on  one  pair  of  ( j)  faces,  had  along 
the  (k)  direction  a resultant  equal  to  SP.^  Per  unit  volume 

9x . 

0 

and  the  forces  of  inertia  (i.  ) had  been  kept  negligibly  small,  while  the  forces 
of  gravity  (g^)  were  in  the  Horizontal  gap  along  the  No.  2 direction  and  in 
the  inclined  gap  along  a direction  with  direction  cosines  given  by  p. 


The  transformation  from  Cartesian  to  Spherical  polar  coordinates 
(ppf)  gave  ap 

0 =4f  (P,,*£)  + —r—o  -m  (Pox3in  P ■+  —^-~a  ” IT  (Poo  + £,-,)+  ir  + 

p 2 dp  33  ' psinP  3P  23  K psinp  9^  P 22  11  ' 


"11' 


gp 


0 = .3  3P  (P2 3^]  + Psin £ 9p^P22Sin^  + psinp 


9P 


12 


P^cos  P 


3* 

9P. 


" paih'-p  + ^ + gP 


0 =_±7  + — ^~o~  — (P,0sin^)  + — t— s 

p3  3p'  31^'  pain^  9pV  12  p;  psinp  3V 


+ V + &+ 


The  equations  applied  to  conical  gaps  of  small,  width. 
In  consideration  of  (4c)  (4g)  then 


9 P; 


0 JjlP  ~ (P*1  *1  + P9C>)  + = “ ®p( 


11 


’22 


33 


9P, 


22 


9P. 


12 


P3p 


+ 2P._  = “ G (PPv) 

12  psm  P ' ' 


where  Gr<*(pp*)  denoted  at  the  point  ( pp^)  the  (a)  component  of  the  gravity  head 
(far  a = p,  p , y),  and  this  component  was  zero  in  the  horizontal  gap  for  a = p 
and  a =+  , and  in  the  inclined  gap  for  a = + only. 

For  all  the  gape  the  first  equilibrium  equation  only  had  to  be 
considered,  since  the  second  and  third  equations  were  always  trivially  fulfilled 
for  the  horizontal  gaps,  because  of  (4f)  and  (4g) , while  for  the  inolined  gap  the 
variation  of  the  pressure  components  with  p which  appear  in  these  equations  was 
not  studied. 

* See  W.  C.  Ibbetson,  Math.  Theory  of  Elasticity,  MacMillan  & Co.,  London  end  N.Y. 

1887. 
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inclined  the  variation  of  the  pressure  coup  orients  Kith  P which  appear  in  these 
equations  was  not  studied. 


Change  in  the  rate  of  shear  in  the  Conical  Gaps 

In  conical  gaps  there  is  a change  in  the  rate  of  shear  depending  on 
the  angle  of  the  cone  and  on  the  angular  width  of  the  gap  as  shown  below. 


The  motion  in  a gap  is  controlled  by  the  equilibrium  between  the 
torque  (T.)  of  the  fixed  cone  or  flat  plate  and  the  torque  (T-)  of  the  rotating 
cone. 


i.e.  = T2 


there  = 


/r  = R 
r = 0 


P12P*r 


.2  5r 


sin0 


= | wR3P12sin20 


similarly  T,,  = y ’”*^*±2  + ® ^12^  ain2(  0 + 66  ) 

5P. 


so  that 


'12 

P12 


= -2  Cot  060 


The  shearing  pressures  on  the  two  boundary  platens  were  then  deduced 
from  this  equilibrium  equation  between  the  angles  0.  and  0„  of  the  boundary 
cones  which  gave 

a^2e2 

P12^  V sin2ei 

for  the  cope/ flat  plate  (9^  = 90  and  02  = 94  for  a 4°  cone). 


= -995 

12'  2 


for  the  cane/cone  ( ^ = i*4,  02  = U&  for  a 20  gap). 


W 
P12^  92^ 


1.074 


and  for  a cone/cone  of  1*4/41*5  i.e.  5°gap 

P12(  V 

-==T— = 1.018 

Pi2(fV 


For  Newtonian  liquids  the  changes  in  the  rate  of  shear  are  propor- 
tional to  those  of  the  shearing  stress  so  that 

o . 

for  the  flat  plate/cone  = . 995  for  4°  gap 

°2  . 
c. 

for  the  cane/cone  of  5 gap  = i.  018 

c2 

The  above  results  apply  approximately  {2$)  to  the  non-Newtonian 
liquids  investigated  since  for -these  liquids  the  changes  in  apparent  viscosity 
were  only  fractions  of  the  changes  in  the  shear  stress. 
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CO-ORDINATE  SYSTEMS  FOR  HORIZONTAL  GAP  APPARATUS 


M-or  s. 


FIG  6 

COMPARISON  BETWEEN  EXPERIMENTAL 
RESULTS  (X)  AND  THEORIES(-) 


ML  fKUMtt  MEASURED  IN  DYNES  PER  80  CM  X 10*. 
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DISTRIBUTION  OF  PRESSURE  ft,  WITH  RESPECT  TO  RADIUS 
FOR  VARIOUS  PRESSURE  OF  ft,  AT  THE  RM. 


G.  8. 


DEPENDENCY  OF  PRESSURE  ON  RADIUS. 

APPARATUS—  I*  CONE. 


DEPENDENCY  OF  PRESSURE  P*»  ON  RADIUS 

APPARATUS  - |*  COHE. 

MATERIAL  - 5^  RUBBER. 


(tOixwDiysaNAa)  f*d 


DEPENDENCY  OF  PRESSURE  Rm  ON  RADIUS 

APPARATUS  -l#  CONE. 


DEPENDENCY  OF  VISCOSITY  ON  RATE  OF  SHEAR. 

MATERIAL  ~ 3%  AL  LAURATt  /r.V.O 


FIG.  15 
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